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Introduction: In the year 2013, the United States produced a total of around 4 billion kWh of
electricity for its energy consumption needs [1]. Around 67% of this was from fossil fuels (coal,
natural gas, petroleum). To produce energy of this scope requires vast amounts of fuel, at great
expense (the EPA estimates that around $29 billion was spent on fossil fuel electric energy
production during 2013) [1]. Fusion energy may provide a viable alternative energy source to
fossil fuels. As a comparison, producing the US fossil fuel electric energy for 2013 solely from
coal would require about 468 billion kg of coal, whereas to produce the same amount of energy
with fusion would require only around 1.2 million kg of fuel (tritium bred from lithium, and
deuterium) [2]. In addition, these fuel sources are highly abundant on Earth and the resultant
fusion reaction produces minimal waste products [2].
One of the biggest obstacles with regards to fusion is the question of how to contain the
reactants long enough for energy output to exceed energy input. Currently, an international
experimental large scale fusion reactor (ITER) is being built in Cadarache, France to further
understand plasma dynamics and confinement [2]. Hopes for ITER have been initially high,
with current goals being to eventually produce up to 300 MW of power for a total of 50 minutes
(a significant achievement) [2].
In preparation for ITER operation, much work has been done, and is currently being
done, to model plasma confinement in ITER. Modeling the plasma dynamics of ITER in
preparation for its completion assures that the time running the machine is well spent, and that
we are able to learn as much from it as we possibly can when it begins running.
Testing NIMROD’s Ability to Accurately Model Plasma Confinement in ITER: The goal of
this 4900 project was:
1. To increase my understanding of fusion plasma confinement principles.
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2. To increase my understanding of principles and techniques that apply to modeling plasma
confinement using NIMROD (NIMROD is a code worked on and developed by various
individuals in the fusion community, including Dr. Held here at USU) [3].
3. To test NIMROD’s ability to accurately model ITER equilibria.
Objective 1 and 2 were satisfied in the process of achieving objective number 3. The specific
question that was addressed in achieving objective 3 was: How crucial is re-solving the GradShafranov equation to obtaining meaningful and accurate equilibria, which serve as initial
conditions for modeling plasma confinement in ITER?
The Grad-Shafranov Equation: In its most basic form, the Grad-Shafranov equation is a
statement of Newton’s second law, namely that the sum of the forces on the plasma in
equilibrium must vanish. The full force balance equation for a given species in a plasma (per
unit volume) is given by:
(1)
where

is the mean velocity of species ‘a’,

the pressure,

is is the viscous stress tensor,

over many Debye lengths,

is the mass,
is the charge,

is the magnetic field, and

is the number density,

is

is the electric field averaged

is an inter-species collisional

friction force per unit volume [4]. In effect, the forces on the plasma consist of a pressure force,
a viscous stress force, an electric force, a magnetic force, and a collisional force.
In deriving the Grad-Shafranov equation, first the force balance equations of each species
are summed. Then we assume the plasma is in a steady state (so we can neglect any

that

appears in the resultant equation). Finally, we neglect both the inertial (appropriate for sub-sonic
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flow) and viscous (appropriate when pressure is isotropic) terms. This gives the final
equilibrium force balance relation for the plasma in equilibrium as:
(2)
where

is the plasma current. In effect, in equilibrium, the magnetic force on the plasma

current must balance the pressure gradient force. Combining this equation with Ampere’s law,
(minus the displacement current, because we are dealing with phenomena that vary on long time
and length scales), and with the assumption of axisymmetry, (symmetry in the toroidal
direction), one arrives at the Grad-Shafranov equation:

.
Here
and

is the radial coordinate in cylindrical coordinates,
=

, where

flux function is defined as the
negative of the radial coordinate

is the poloidal flux function,

is the toroidal component of the magnetic field. The poloidal
component of the magnetic vector potential multiplied by the
.

The Poloidal Flux Function: To a first approximation, charged particles follow magnetic field
lines. A tokamak consists of nested toroidal surfaces with the magnetic field everywhere
tangential to these surfaces. Because the magnetic field is everywhere tangential to these
surfaces, the plasma is, to a first approximation, confined to these surfaces. The poloidal flux
function is, in effect, a label for these nested tori and takes on a constant value on any given
surface. The poloidal flux function can also be normalized to be monotonically increasing from
the center of the nested tori. In this respect, the poloidal flux function becomes a useful radial

(3)
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coordinate outward from the center of these surfaces. Knowing the poloidal flux function also
helps in visualizing the magnetic field geometry in a tokamak. This helps explain why
representing

as accurately as possible in NIMROD is crucial when modeling plasma

confinement.
Process of Re-solving the Grad-Shafranov Equation: When first starting up NIMROD, a set
of input parameters is read in. In the case of modeling plasma dynamics in ITER, we use a
computationally produced equilibrium from another code that solves the Grad-Shafranov
equation for ITER-like parameters. The inputs are pressure (
function of

, and

as a function of

and

) as a function of

,

as a

. The input file contains these functions

at a discrete set of grid points in the 2-dimensional poloidal plane (a plane of constant

).

However, it turns out that the program that produced these input parameters defines them on a
different grid than NIMROD uses. Interpolation onto NIMROD’s grid introduces error in the
“mapped” equilibrium.
One reason for re-solving the Grad-Shafranov equation in NIMROD is to help eliminate
the error introduced with the interpolation of these input parameters onto NIMROD’s grid. It
also helps to eliminate any slight errors that might have existed in the original input data. Prior
to the implementation of the Grad-Shafranov re-solve functionality in NIMROD, the relevant
data was simply mapped onto NIMROD’s grid via interpolation. The Grad-Shafranov re-solve
functionality was added fairly recently (within the last two years or so) [5].
The process of re-solving the Grad-Shafranov equation proceeds as follows: first, it may
be noted that in this process both

and

as functions of

are held constant. Once the

input data is read into NIMROD, the right-hand side of the Grad-Shafranov equation is
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is then computed by

numerically inverting the operator on the left-hand side of the Grad-Shafranov equation. This
process is iterated until a specified convergence criterion is met.
Method for Testing Grad-Shafranov Re-solve Benefits in NIMROD: Recently a paper was
published by Jesus Ramos that contained a supposedly new neoclassical ion transport term [6].
In effect, it was a new term that could potentially influence modeling neoclassical ion flow in a
tokamak plasma. However, Ramos later demonstrated analytically that this new term vanished.
For our work, we decided to use this term to help show the benefits of re-solving the GradShafranov equation in NIMROD. The vanishing ion transport term consists of two (non-zero)
terms that are added together:

d
dl
2
dl
B
R
+
⋅
∇
∫
∫ B [2b
dψ
+ ∇ ψ ⋅ ∇ ( b ⋅ ∇ ln B) ]

Γ( ψ)=2
In this equation,
field,

⋅∇

( ∇ ψ ⋅ ∇ ln R )

b is a unit vector that points everywhere in the direction of the local magnetic

B is the magnitude of the local magnetic field, and dl represents an infinitesimal length

element in the direction of the local magnetic field (the integration is performed along a
magnetic field line until it closes back in on, or returns sufficiently close, to itself).

The vanishing ion transport term was coded into NIMROD for testing ITER equilibria.
The plan was to compute it first for the interpolated Grad-Shafranov equilibrium, and then
compare that result with what was obtained after doing a substantial number of iterations of resolving the Grad-Shafranov equation. “Substantial” was quantified by setting the re-solve

2

(4)
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function to continue iterating until the value of the left side of the Grad-Shafranov equation
changed by less than 10

%.

The benefits of re-solving the Grad-Shafranov Equation were ascertained by comparing
the smoothness of the result using no re-solves of the Grad-Shafranov equation to the
smoothness of the final result using many re-solves of the Grad-Shafranov equation.
When taking the derivative with respect to

of the first integral in the vanishing ion

transport term, a cubic spline program that I had written was utilized. However, it was found
upon graphing the results that small noise in the data was amplified when using a cubic spline to
take the derivative of the first integral. Upon doing some research, an alternate technique for
taking the derivative of a set of discrete data points was found that utilized a “smooth noiserobust differentiator” functionality to smooth out small variational noise in the data [7, also see
Appendix A]. This method for taking the derivative was found to be much more effective than
using a cubic spline. The graphs of the vanishing ion transport term using this alternate method
are compared below to the graphs of the ion transport term using the cubic spline method (see
Figs. 3 and 6 for the results of using this “smooth noise-robust differentiator” functionality).
NIMROD uses a finite element representation with the degree of the underlying bipolynomial basis functions chosen before starting NIMROD. To evaluate the effect of the basis
function degree on the final result, the ion transport term was evaluated using polynomial
degrees 3 and 5.
Results: Below are the graphs of the vanishing ion transport term, calculated using various
methods. The ‘First Term’ label on each of the graphs refers to the first term in the summation
of the vanishing ion transport term, the label ‘Second Term’ refers to the second term in that
summation, and the label ‘Summation’ refers to the vanishing ion transport term itself. The
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terms plotted in Figs. 1-3 were calculated using polynomial degree 5, and those in Figs. 4-6 were
calculated using polynomial degree 3. The terms plotted in Figs. 1 and 3 were calculated using
the mapped equilibrium, those in Figs. 2 and 4 were calculated using the refined equilibrium, and
those in Figs. 3 and 6 were calculated using the refined equilibrium with the added functionality
of the “smooth noise-robust differentiator.”
Figure 1 -

Summation Mean: 0.443 × 10
Summation Std Dev.: 0.687 × 10

As can be seen here, the graph of
the ion transport term is smoothly
zero up until we get to about R=8.1
m. Then the result becomes
absolute garbage.

Figure 2 -

Going through many iterations of
re-solving the Grad-Shafranov
Figure 3 equation improved our result
drastically, especially closer to the
plasma edge, past R=8.1 m.

Summation Mean: −0.128 × 10
Summation Std Dev.: 0.106 × 10
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Figure 3 -

Summation Mean: 0.138 × 10
Summation Std Dev.: 0.473 × 10

The terms here were calculated
using the “smooth noise-robust
differentiator” to take the
derivative of the first term in the
summation of the ion transport
term. As can be seen, much of the
remaining noise near the edge
region has been eliminated,
making for a fairly smooth zero
result across the entire graph.
Figure 4 -

As can be seen here, using
polynomial degree 3 basis
functions has a similar result to
using polynomial degree 5 basis
functions, when graphing the
vanishing ion transport term with
no re-solves of the Grad-Shafranov
equation. Closer to the plasma
edge, absolute garbage is obtained.

Summation Mean: 0.556 × 10
Summation Std Dev.: 0.103 × 10

Figure 5 -

Summation Mean: −0.910 × 10
Summation Std Dev.: 0.379 × 10

Again, going through many
iterations of re-solving the GradShafranov equation improves the
calculation of the ion transport
term drastically. Although, in
contrast to using polynomial
degree 5 basis functions, there is
still a fair amount of noise
past R=8.1 m.
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Figure 6 The benefits of using the “smooth
noise-robust differentiator” can be
seen even more clearly when using
polynomial degree 3 basis
functions. The result actually
looks somewhat sensible towards
the edge region (although quite a
bit more noise exists there than
when we used polynomial degree 5
basis functions, see Fig. 3).

Summation Mean: −0.266 × 10
Summation Std Dev.: 0.477 × 10

Discussion of Results: From the graphs above it is clear to see that re-solving the GradShafranov equation has significant impact on the smoothness of the final result that is obtained
when calculating the neoclassical ion transport term using NIMROD. Even when using
polynomial degree 5 basis functions, after about R=8.1 meters, inaccuracy in the equilibrium
dominates. Re-solving the Grad-Shafranov equation puts the mean of the vanishing term closer
to 0 by 2 - 4 orders of magnitude (depending on whether the “smooth noise-robust differentiator”
is used to take the derivative of the first term in the sum), and puts the standard deviation of the
mean closer to 0 by 1 - 2 orders of magnitude.
Significant improvement is also seen when re-solving the Grad-Shafranov equation with
polynomial degree 3 basis functions. In addition, the benefits of using the “smooth noise-robust
differentiator” can be seen with this set of basis functions. When using polynomial degree 3
basis functions, to obtain sensible results near the edge region of our ITER equilibrium, one must
both iterate through re-solving the Grad-Shafranov equation AND use the “smooth noise-robust
differentiator” to take the derivative of the first term in the summation of the ion transport term.
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Conclusion and Future Work: As it turns out some of the most important issues relevant to
confinement in ITER deal with the physics governing the plasma dynamics in the edge region.
As such, when modeling plasma dynamics in the ITER edge using NIMROD, it is clear that the
Grad-Shafranov re-solve capabilities used to refine the input parameters are critical to obtaining
an accurate equilibrium. In addition, splining may not be the most accurate way to take
derivatives in NIMROD. Splining amplifies small noise in the data, and as such, it may often be
more beneficial to use the “smooth noise-robust differentiator” to take the derivative of terms of
interest in NIMROD in the future. Overall, the three objectives mentioned at the outset of this
paper were met in doing the research for my 4900 credit. A great deal was learned not only
about fusion confinement principles, but also about plasma physics in general. I was able to
obtain quite a bit of experience programming in NIMROD, and also in applying various
numerical methods to real world problems. Overall, this research was enjoyable, and the effort
was a success.
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Appendix A
In this section, we will go over the “smooth noise-robust differentiator” technique which allows
one to compute the derivative given a discrete set of data points with slight variational noise. This
method smooths out the slight variational noise in the data, to give a smooth result for the derivative.
This technique was designed by Pavel Holoborodko [7]. In effect, the technique takes the derivative of
the data, ignoring any high frequency noise, while giving preference to any low frequency signals.
First we assume that we have a filter of the form c [n] where n is an integer. Our derivative

filter takes the signal of x-values, and the signal of y-values and outputs the derivative,

we have y= y [n] and x=x [n] , it will be easier if we first find

divide the two to get

dy
. We define
dx

g[n]≡

dy
. Because
dx

dy
dx
and
, and then just
dn
dn

dy
[n] . In signal analysis any filter can be written in
dn

the following form:
N −1

g[n]= y [n]* c [n]≡ ∑ y [k ]c [n−k ] ,

(1)

k=0

where the “*” represents taking the convolution, and where

N is the total number of data points that

we have for y [n] . We also specify that c [n] only be defined from n=−M .. M . (This last
specifications means that we are only going to use a total of 2 M +1 points around a given y [n]
value to determine the derivative there).
The next thing we want to do is to transform all the relevant sequences to the frequency domain
using a discrete-time Fourier series. The coefficients of the DTFS are defined for an array y [n] as:
N−1

Y [Ωk ]= ∑ y [n]e
n=0

−i Ω k n

,

(2)

where Ωk =

−( N−1) ( N−1)
2πk
..
and k =
. A mathematical convolution theorem also states that
N
2
2

we can represent Eq. (1) above as:
G[Ω k ]=Y [Ω k ]C [Ω K ] ,

(3)

where the capital letters refer to the Fourier coefficients of each of the corresponding terms from Eq.
(1). We call C [Ω k ] the frequency response of our filter. Basically it takes frequency information
from our y [n] sequence and translates it into the appropriate frequency information for the derivative
sequence. Here is where we can easily specify our filter to remove high frequency noise from our data.
Before we do that however, we must specify what the frequency response of a perfect, or “ideal”,
differentiator is. We want our filter to have this frequency response for low frequencies, but to be equal
to 0 for high frequencies.
To determine this we assume that now we have a continuous function of y values, y= y ( n)

. When we take the Fourier transform of the derivative,
N−1

G[Ω k ]= ∫
0

dy
, we obtain:
dn
N−1

dy −iΩ n
e
dn=[ y (n)e−i Ω n] N−1
− ∫ (−iΩk ) y (n)e−iΩ n dn .
0
dn
0
k

k

k

(4)

We assume the term in the brackets goes to 0 for the situations that we are dealing with. This gives us:
G[Ω k ]=i Ωk Y [Ω k ] .

(5)

Therefore the frequency response of an ideal differentiator is Ci [Ωk ]=iΩk .
As a side note, for discrete data, the coefficients of the discrete Fourier series need only be
specified for the interval from Ωk =0.. π to be uniquely specified. This is because of the conjugate
symmetry that exists for the coefficients of the discrete Fourier series.
We want our filter to act like an ideal differentiator for frequencies near Ωk =0 , and to filter
out the higher frequencies near Ωk =π . In the frequency domain, this means we want C [Ω k ] to

have high tangency order with Ci [Ωk ] near Ωk =0 , and to have high tangency order with the Ω
axis near Ωk =π (this will help insure that C [Ω k ] goes to zero as we go towards Ωk =π ). When
you specify this correctly, so that there are just as many equations as unkowns, then you obtain the
tables that Holoborodko has on his website for his “smooth noise-robust differentiator.” For the
calculations done for this research project, a tangency order of 2 was specified for the differentiator
near Ωk =0 , and the number of points used was N=5 . Then, in order to have the same amount of
equations as unkowns, a tangency order of 1 was specified for the differentiator near Ωk =π .

